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The interaction of an electromagnetic wave with spin (polarized light) and an electron is computed.
Specifically the spin flip probability is computed using the Dirac equation for an electron trapped
in a uniform magnetic field.
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INTRODUCTION
The spin state of an electron is becoming increasing
important as spintronics continues to develop and quan-
tum information seeks long lived cubit states. For these
reasons it is important to know the effect of an electro-
magnetic wave on the spin state. In particular we con-
sider an electron trapped in a uniform magnetic field.
Now we assume an electromagnetic pulse is incident on
the electron and ask, what is the spin flip probability.
The spin flip probability was recently computed for an
electron in hydrogen,[1] but this was an interaction in-
volving the angular momentum of the electron. Spin flips
were also studied from the Kapitza-Dirac mechanism.[3]
Here we would like to consider the interaction of a po-
larized electromagnetic wave and the intrinsic spin of the
electron. Since polarization arises from the intrinsic spin
of the electromagnetic field, this may be properly called
a spin spin interaction. A brief review of the literature
may be found in Ref. [2].
Following this thought, one might be tempted to ask,
what is the spin flip probability of a free electron due
to an incident electromagnetic wave? To pursue this,
the direction of the spin of the electron must be known.
In order to have a fiduciary field against we measure the
spin, we consider the interaction of an incident wave with
an electron trapped in a magnetic field.
The exact nature of this external magnetic field de-
pends on the particular problem involved, but we shall
consider the case of a uniform magnetic field. This is ap-
proximately true in magnetic traps if the particle stays
near the center.
Let us consider the Dirac spinor, which is the true
description of an electron. As is seen below, there is an
array of terms that may arise, and therefore, in order to
assess all possible spin field interactions, it is essential to
use the Dirac solutions. Natural units, with ~ = 1 and
c = 1 are used until the end, where cgs is adopted.
The solution for an electron trapped in uniform mag-
netic fields was solved long ago,[4] here I will highlight
the results The wave function for an electron trapped in
a uniform magnetic field in the z direction is
ψn = Cne
−i(Ent−p
i
xx−p
f
zz)e−ξ
2/2un (1)
where the momentum terms are eigenvalues,
C2n =
√
eB(En +m)
8LxLzEn
(2)
and
ξ =
√
eBy − px√
eB
. (3)
We assume the final state is spin up and the initial state
is spin down, so that,
uf =


hn−1
0
pfzhn−1/(Ef +m)
−√2neBhn/(Ef +m)

 (4)
and
ui =


0
hn
−
√
2neBhn−1/(Ei +m)
−pizhn/(Ei +m)

 (5)
where hn = NnHn where Hn are the Hermite polyno-
mials Nn = 1/
√
2nn!
√
pi, and the energy eigenvalue n is
given by n = 0, 1, 2, ... with the convention if the sub-
script of the Hermite polynomial is negative, then it is
zero.
It is assumed that we have two dimensional box nor-
malization, the sides being Lx and Lz. The functions u
are functions of y which goes from minus to plus infinity.
It may be noted that the gauge freedom in the choice of
2the electromagnetic potential translate to a freedom in
the choice of y or x, or a combination of the two.
It is assumed the electron interacts with an incoming
electromagnetic field described by the four potential Aµ.
Now we are in a position to consider the transition am-
plitude, defined by
Sfi = −ie
∫
d4xψfγ
σAσψi (6)
where f and i denote final and initial states and Aσ is
the electromagnetic potential.
Normally the final and initial states are free particle
wave functions, but that is not sensible here. We are
considering the scattering of a bound state to another
bound state, so the wave functions should be those of
an electron in a magnetic field, which is assumed to be
constant.
To begin let us write (6) as
Sfi = − iCfCi
L
∫
d4xei(Ef t−p
f
xx−p
f
zz)e−ξ
2
(7)
×Mfie−i(Eit−p
i
xx−p
i
zz)
where L = ω/eE and the matrix element is
Mfi = u
†
fγ
0γσAσui, (8)
which becomes, assuming n→ n+ 1,
M = A0
(√
2
√
B(n+ 1)ehnhn+1p
i
z
(Ef +m)(Ei +m)
−
√
2
√
Bnehn−1hnp
f
z
(Ef +m)(Ei +m)
)
(9)
+A1
(
h2np
f
z
Ef +m
− h
2
np
i
z
Ei +m
)
+A2
(
ih2np
i
z
Ei +m
− ih
2
np
f
z
Ef +m
)
+A3
(√
2
√
B(n+ 1)ehnhn+1
Ef +m
−
√
2
√
Bnehn−1hn
Ei +m
)
.
This is a very rich equation. It shows all the inter-
actions between our trapped electron and another field
whose potential is Aσ. For example, time dependent A0
gives rise to an electric field, so the above shows a spin flip
may occur due to an electric field (it also shows this term
is v/c times the terms involving the magnetic field). All
this is expected, but this formalism displays the actual
terms explicitly, and can also be used to derive selection
type rules, which is why the Dirac equation is necessary.
For the case under study we shall consider a circularly
polarized wave so that we are investigating a spin-spin
interaction, spin of the electron and spin of the electro-
magnetic wave. The potential for such a wave is
Aµ =
cF
ω
{0, sin(kz − ωt), r cos(kz − ωt), 0} (10)
where 0 ≤ r ≤ 1 represents the degree of polarization
with r = 0 being a plane polarized wave and r = 1 a
circularly polarized wave.
Now we set
Sfi = S
(1)
fi + S
(2)
fi (11)
where
S
(1)
fi = −
iCfCi
2L
∫
d4xei(Ef t−p
f
xx−p
f
zz)e−ξ
2
(12)
M (1)(ei(kz−ωt) − e−i(kz−ωt))e−i(Eit−pixx−pizz)
and
S
(2)
fi = −
irCfCi
2L
∫
d4xei(Ef t−p
f
xx−p
f
zz)e−ξ
2
(13)
M (2)(ei(kz−ωt) + e−i(kz−ωt))e−i(Eit−p
i
xx−p
i
zz)
where
M1,2 = ufγ
1,2ui (14)
and where uf = uf†γ0 We further write
S
(1)
fi = S
(1+)
fi + S
(1−)
fi (15)
and
S
(2)
fi = S
(2+)
fi + S
(2−)
fi (16)
3so that
Sfi = S
1+
fi + S
1−
fi + S
2+
fi + S
2−
fi . (17)
Consider the x and z integrals. These will yield terms
defined as follows
Lx ≡
∫
dxe−i(p
f
x−p
i
x) (18)
and
L±z ≡
∫
dze−i(p
f
z−p
i
z±k) (19)
so that
Sfi = −CfCi
2L
LxL
−
z
∫
dydteiδ
+te−ξ
2
M1 (20)
+
CfCi
2L
LxL
+
z
∫
dydteiδ
−te−ξ
2
M1
+
CfCi
2L
LxL
−
z r
∫
dydteiδ
+te−ξ
2
M2
+
CfCi
2L
LxL
+
z r
∫
dydteiδ
−te−ξ
2
M2.
(21)
To proceed, we define
L±t = c
∫
dteiδ
±t (22)
where we integrate from minus infinity to the present
time t, and define the probability of transition:
W =
∫
|Sfi|2dρ (23)
where the density of states in dρ =
(Lx/2pi~)(Lz/2pi~)dpxdpz .
The result is
W =
(
pix
Ei +m
− p
i
x + ~k
Ef +m
)
κ
(
sin∆
∆
)2
(1 + r2). (24)
Now let 1/(Ei +mc
2) ≈ 1/(Ef + mc2) = 1/2mc2. Let
us define Ef −Ei = ~ω0 and ∆ = (ω0 −ω)t/2, then (23)
yields
W = κ
(
sin∆
∆
)2
(1 + r2) (25)
where κ = µbE/~ and µb = e~/2mc.
With r = 0 we recognize this as the Rabi formula.[5]
The effects of circular polarization are evident, for r = 1
the probability of spin flip doubles. Physically this makes
sense if we think about a circularly polarized wave as the
sum of two plane waves.
The result (24) with no approximations may be viewed
as the relativistic Rabi formula.
In summary, for an electron trapped in a uniform field,
we have considered the interaction of it and an elec-
tromagnetic wave. Thus was done using the covariant
formalism of the scattering matrix and the solutions to
the Dirac equation for an electron in a uniform magnetic
field.
In this formalism we do not have to put the interaction
in by hand, all effects come out of scattering matrix as
shown in (9). The case of an elliptically polarized wave
is then considered which results in a relativistic Rabi for-
mula, and the lowest energy result is displayed.
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